Introduction {#Sec1}
============

After the confirmation of the Higgs particle as the capstone of the Standard Model, solving the persistent enigma of dark matter has become a major objective of modern particle physics. The completion of the Standard Model (SM) is a great example of successful collaboration between theory and experiment, and theoretical models are needed in the "beyond SM" era to assist with the search for dark matter in particle physics experiments and to provide ideas on what to look for.

It is an intriguing possibility that dark matter might provide a window into low energy string phenomenology, e.g. through the swampland conjecture leading to fading dark matter within a tower of light string states \[[@CR1], [@CR2]\], or through models where a low string scale \[[@CR3], [@CR4]\] implies phenomenologically acceptable dark axions or dark gauge bosons \[[@CR5]--[@CR8]\]. It has been pointed out recently \[[@CR9]\] that electroweak dipole dark matter \[[@CR10], [@CR11]\] may open a window into low energy string phenomenology through the Kalb--Ramond field. The question of the relevant string scale was not addressed in Ref. \[[@CR9]\] because no direct link between the dark matter coupling and mass to the string scale was established. However, it turns out that the Kalb--Ramond field can couple to the fermionic Ramond fields in such a way that a low energy coupling of the Kalb--Ramond field to dark fermions can be traced back to string theory. This then allows for an estimate of the maximal string scale for which perturbatively coupled dipole dark matter could be induced from string theory.

Kalb and Ramond had noticed that gauge interactions between strings can be described in analogy to electromagnetic interactions if the basic Nambu--Goto action is amended with a coupling term to an anti-symmetric tensor field \[[@CR12]\]. We follow the conventions of Ref. \[[@CR9]\] and denote the Kalb--Ramond field with $\documentclass[12pt]{minimal}
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The string equations of motion which follow from ([1](#Equ1){ref-type=""}) are invariant under the KR gauge symmetry$$\documentclass[12pt]{minimal}
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                \begin{document}$$C_{\mu \nu }$$\end{document}$ to the dark fermions had to be postulated. The purpose of the present paper is to point out that the Kalb--Ramond field can couple to the Ramond \[[@CR13]\] and Neveu--Schwarz \[[@CR14]\] fields of superstrings in a way that does induce magnetic dipole couplings at low energies, thus lending more credibility to the proposal that direct search for electroweak dipole dark matter can provide a window into low energy string phenomenology.

The possible string origin of the coupling of the Kalb--Ramond field to dark dipole moments is introduced in Sect. [2](#Sec2){ref-type="sec"} and conclusions are formulated in Sect. [3](#Sec3){ref-type="sec"}. The mapping between world-sheet spinors and half-differentials is reviewed in Appendix A, since it helps to understand the proposed coupling of the Kalb--Ramond field to the half-differentials $\documentclass[12pt]{minimal}
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                \begin{document}$$\Psi ^\mu _{\sqrt{\pm }}$$\end{document}$. The Kalb--Ramond field in Lorentz gauge and in Coulomb gauge and its polarization is reviewed in Appendix B.

String origin of magnetic dipole terms {#Sec2}
======================================

We wish to provide a string explanation for the coupling of the Kalb--Ramond field to the dark fermion dipole moments in Eq. ([5](#Equ5){ref-type=""}). This will require a coupling to the Ramond fields $\documentclass[12pt]{minimal}
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The mapping should respect world-sheet and target space symmetries under coordinate and Lorentz transformations. Since 2D spinors are completely equivalent to half-differentials, and since we can only use $\documentclass[12pt]{minimal}
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                \begin{document}$$g_s$$\end{document}$. The minus sign is required by parity invariance of the world-sheet Lagrangian.

The coupling term ([7](#Equ7){ref-type=""}) is in world-sheet spinor notation (with metric determinant $\documentclass[12pt]{minimal}
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                \begin{document}$$J^{\mu \nu }\rightarrow J^{\mu \nu }+J_3^{\mu \nu }$$\end{document}$ to the source terms of the original Kalb--Ramond equations of motion complies with gauge invariance, see also Appendix B.

The couplings ([1](#Equ1){ref-type=""}, [7](#Equ7){ref-type=""}) of the Kalb--Ramond field break the world-sheet supersymmetry of the free string theory. However, they do preserve the GSO projection \[[@CR15]\], and that is what we really need. The couplings ([1](#Equ1){ref-type=""}, [7](#Equ7){ref-type=""}) correspond to interactions between string world sheets which are mediated by a spacetime field. This leads to a Dyson representation for the scattering matrix,$$\documentclass[12pt]{minimal}
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                \begin{document}$$(\mathrm {NS},+)$$\end{document}$ \[[@CR16]\], where the signs denote the level of fermionic world sheet excitations modulo 2. The interactions ([1](#Equ1){ref-type=""}, [7](#Equ7){ref-type=""}) can change the level of fermionic world sheet excitations only in even steps, and they cannot change periodicity conditions on closed strings or boundary counditions on open strings. Therefore they map states in a consistent string theory into states of that theory. As a consequence, and in keeping with the proposal of Kalb and Ramond of fundamental 1-branes interacting through exchange of fundamental 0-branes, the states of string theory with Kalb--Ramond type interactions are tensor products of string states in the Ramond or Neveu--Schwarz sectors of the theory with Kalb--Ramond states $\documentclass[12pt]{minimal}
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If we evaluate the expression ([7](#Equ7){ref-type=""}) on the low-energy states$$\documentclass[12pt]{minimal}
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Conclusion {#Sec3}
==========

Inclusion of the missing piece ([7](#Equ7){ref-type=""}) in the string derivation of electroweak dipole dark matter relates the string tension to dark matter parameters. Assuming perturbative couplings and that dark matter is created from thermal freeze-out then leads to the requirement $\documentclass[12pt]{minimal}
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It is intriguing that the geometry of string ground states allows for the construction of phenomenologically viable models with fundamental string scales all the way down to the TeV scale \[[@CR3]--[@CR8]\]. Furthermore, it is also conceivable that there may exist different incarnations of fundamental strings with different tensions $\documentclass[12pt]{minimal}
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Appendix A: Half-differentials and fermions on the world sheet {#Sec4}
==============================================================

Here we review the mapping between spinors and half-differentials on world sheets in the conformal gauge$$\documentclass[12pt]{minimal}
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To be specific we use in the following calculations the real Weyl representation of 2D $\documentclass[12pt]{minimal}
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Appendix B: The Kalb--Ramond field in Lorentz gauge and in Coulomb gauge, and its polarizations {#Sec5}
===============================================================================================

We used Lorentz gauge for the discussion of the preservation of GSO projection sectors in Sect. [2](#Sec2){ref-type="sec"}. Lorentz gauge is also preferred for covariant perturbation theory and therefore we also take this opportunity to point out that it can be imposed simultaneously on both $\documentclass[12pt]{minimal}
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On the other hand, the dominant contribution to electromagnetic interactions between low-velocity charged particles can be expressed in Coulomb gauge through Coulomb potentials. In string theory with Kalb--Ramond interactions, Coulomb gauge is useful to describe the impact of Kalb--Ramond exchange on string-string interaction forces. Therefore it is also useful to know that KR gauge symmetry can be used to impose a Coulomb gauge condition $\documentclass[12pt]{minimal}
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To determine the polarizations of the Kalb--Ramond tensor in the interaction picture states, we note that$$\documentclass[12pt]{minimal}
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Lorentz gauge is not essential, of course, but convenient. Just like in QED, it yields the Lagrangian interaction terms as covariant vertices. It can be imposed on $\documentclass[12pt]{minimal}
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There is also another possibility. In multi-scale string theories with different kinds of strings with different tensions $\documentclass[12pt]{minimal}
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                \begin{document}$$T_s\lesssim E\ll T_{s'}$$\end{document}$, such that for the high scale string modes an effective field theory description applies, whereas for the low-scale strings the world sheet description is still needed. In that case, the Kalb--Ramond field could arise from the field theory description of the anti-symmetric tensor modes of the high tension string theory. The states in the intermediate energy effective theory would still have the form described in the text, but the Kalb--Ramond factors would arise from underlying string states in the high-tension string theory.

This is a generic feature of thermal dark matter creation. Larger dark matter mass requires stronger coupling for later freeze-out, since larger $\documentclass[12pt]{minimal}
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Section 2 in Ref. \[[@CR17]\] describes the factorization of the diffeomorphism group on 2-manifolds beyond the realm of conformal gauge fixing and the corresponding fully covariant primary field formalism.

The corresponding Majorana spinor components are $\documentclass[12pt]{minimal}
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